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Abstract 

Using perturbation theory and the field theoretical renormalization 
group approach we consider a two-dimensional anisotropic truncated Fermi 
Surface(-FS') with both flat and curved sectors which approximately sim- 
ulates the "cold" and "hot" spots in the cuprate superconductors. We 
calculate the one-particle two-loop irreducible functions and as 
well as the spin, the charge and pairing response functions up to one-loop 
order. We find non-trivial infrared stable fixed points and we show that 
there are important effects produced by the mixing of the existing scatter- 
ing channels in higher order of perturbation theory. Our results indicate 
that the "cold " spots are turned into a non-Fermi liquid with divergents 
dl^o/dpo and dT>o/dp, a vanishing Z and either a finite or zero "Fermi 
velocity" at FS when the effects produced by the flat portions are taken 
into account. 



1 Introduction 

The appearance of high-T c superconductivity focused everyone's attention on 
the properties of strongly interacting two-dimensional electron systems. Ba- 
sically the high-T c cuprates are characterized by a doping parameter which 
regulates the amount of charge concentration in the Cu02 planes. As one varies 
the doping concentration and temperature one finds an antiferromagnetic phase, 
a pseudo-gap phase, an anomalous metallic phase and a d-wave superconductor. 

The standard model to describe these phenomena is the the two-dimensional 
(2d) Hubbard model. Starting either from the so-called weak coupling limit or 
from the large U limit instead one can reproduce at least in qualitative terms 
all these phases by varying only a small number of appropriate parameters Q. 
In particular, for the underdoped and optimally doped compounds, motivated 
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by the experimental results coming from angle-resolved photoemission experi- 
ments (ARPES) which demonstrated among other things the presence of an 
anisotropic electronic spectra characterized by a pseudogap and flat bands in 
k-space several workers have related some of these anomalies to the existence of 
a non-conventional Fermi Surface (FS) in these materials^. As is well known 
for the half-filled 2d- Hubbard model the FS being perfectly square the per- 
fect nesting and the presence of van Hove singular points allow the mapping of 
this system onto perpendicular sets of one-dimensional chains[|| producing in- 
frared divergences in both particle-particle and particle-hole channels, already 
at one-loop level. The physical system in this case shows a non-Fermi liquid 
behavior. However as doping is increased the FS immediately acquires curved 
sectors and this opens up a possibility for Fermi liquid like behavior around 
certain regions of k-space. This feature seemed to be confirmed early on by 
the ARPES data for the underdoped and optimally doped Bi2212 and YBCO 
compounds [Q. In the electronic spectra of these materials there appears an 
anisotropic pseudogap and flat bands around (±7r, 0)and (0, ±ir) and traces 
of gapless single-particle band dispersions around the (if, ±? ) regions of the 
Brillouin zone (BZ). This agrees qualitatively well with the phenomenological 
picture of a FS composed of 'hot' and 'cold' spots put forwarded by Hlubina 
and Rice and Pines and co-workers H. In that picture the 'cold' spots asso- 
ciated with correlated quasiparticle states are located along the BZ diagonals. 
In contrast the 'hot' spots centered around (±7r, 0)and (0, ±7r) are related to 
the pseudogap and other anomalies of the cuprate normal phase. However re- 
cent photoemission experiments^ which have a much better resolution than 
before put into doubt the applicability of Fermi liquid theory even along the 
(0, 0)- (it, 7r) direction. Using their data on momentum widths as a function of 
temperature for different points of FS, in optimally doped Bi2212, Valla et al 
show that the imaginary part of the self-energy 7ro£ scales linearly with the 
binding energy along that direction independent of the temperature. Similarly, 
Kaminski et al show that the half- width-half-maximum of the spectral function 
A (p, <jj) single particle peak varies linearly with uj above T c . They claim this to 
be analogous to both the observed linear temperature behavior of the electrical 
resistivity and the scattering rate. Those results are very different from those 
expected for a Fermi liquid and support a marginal Fermi liquid phenomenology 
even near the (§, §) points of the Brillouin zone. 

In this work we consider a a two-dimensional electron gas with a truncated 
FS composed of four symmetric patches with both flat and conventionally curve 
arcs in k-space. These patches for simplicity are located around (±fci? , 0)and 
(0,±/cf) respectively(Fig.l). The Fermi liquid like states are defined around 
the patch center. In contrast the border regions are taken to be flat. As a result 
in this region the electron dispersion law is one-dimensional|Q|. In this way in 
each patch there are conventional two-dimensional electronic states sandwiched 
by single-particles with a flat FS to simulate the 'cold' and 'hot' spots scenario 
described earlier on. Flat FS sectors and single-particle with linear dispersion 
were also used earlier on by Dzyaloshinskii and co-workers[^) to produce loga- 
rithmic singularities and non-Fermi liquid behavior. Here they are used to test 
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the stability of the two-dimensional Fermi liquid states. We use the renormaliza- 
tion group (RG) method to deal with the infrared (IR) singularities produced in 
perturbation theory by the "Cooper", "exchange" and "forward"channels. Other 
RG methods were used recently by several workers to test the weak-coupling 
limit of the two-dimensional Hubbard model with and without next-nearest 
neighbor hopping against superconducting and magnetic ordering instabilities 
in different doping regimes||. However due to the difficulty in implementing 
their method in higher orders they don't go beyond one-loop and no self-energy 
effects are taken into account. As a result the coupling functions always have 
divergent flows and there is never any sign of non-trivial fixed points. 

The scope of this work is the following. We begin by reviewing briefly the 
model used in our calculations. Next we calculate the one-particle irreducible 
functions rj^and rl|.|, up to two-loop order. We demonstrate that the quasi- 
particle weight Z for the two-dimensional Fermi liquid state can vanish identi- 
cally as a result of the interaction of the "cold" particles with the flat sectors. 
We solve the RG equation for the renormalized coupling in two-loop order and 
we find a non-trivial IR stable fixed point. Later we estimate how higher-order 
corrections and the mixing of the various scattering channels affect this result. 
We calculate the spin and charge susceptibilities and discuss their physical con- 
tents. We conclude by emphasizing that our results indicate the instability of 
two -dimensional Fermi liquid states when they are renormalized by the in- 
teraction with the flat sectors of the Fermi Surface and by arguing that they 
may well be used to describe qualitatively the pseudogap phase of the cuprate 
superconductors . 

2 Two-Dimensional Model Fermi Surface 

Consider a 2d FS consisting of four disconnected patches centred around (±fcp , 0) 
and (0, ±fcj?). Let us assume to begin with that they are Fermi liquid like. The 
disconnected arcs separate occupied and unoccupied single-particle states along 
the direction perpendicular to the Fermi Surface. However as we approach any 
patch along the arc itself there is no sharp resolution of states in the vicinity 
of the gaps located in the border regions. We assume that these regions are 
proper for non-Fermi liquid (NFL) behavior. To represent those NFL features 
we take the FS to be flat in the border regions. In this way the single-particle 
states which are a 2d Fermi liquid around the center of the patch acquire an one- 
dimensional dispersion as we approach those flat border sectors. They represent 
the ' hot' spots sandwiching the 'cold' spots in our model. 

In order to be more quantitative consider the single-particle lagrangian den- 
sity 

C = J2i>t (*) \ + *f) Vv (x) - Ety] (*) if>\ (x) ^ (x) tpi (x) (1) 

where x — (£,x),£f = fcfi/2, t 1 = m*t _1 with m* being the effective mass. 
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When we proceed with our renormalization scheme in the vicinity of a given 
FS point we replace k F by the corresponding bare k F = Z~ 1 kkp where k F is 
dimensionless with A being a momentum scale. In this way k F can be finite 
even if both Z and A — » and the coupling constant U scales with momenta 
as A 2 ~ d in d spatial dimensions. Here the fermion fields are non-zero only in a 
slab of width 2A around the four symmetric patches of FS. Thus in momentum 
space the single-particle e (p) is defined according to the sector and patch under 
consideration. For example, in the vicinity of the central zone of the patch 
defined around the FS point (0,—kp) we have that 

e(p) = f-k F ( Py + k F ) + ^, (2) 

with — A < p x < A . In contrast in the border regions of the same patch we 
find instead 



£ (P) = if - k F ( Pv + k F ~ ) . ( 3 ) 



k% , f , A 2 \ 

for A < < A or — A < < — A. We follow the same scheme to define e (p) 
in all other patches of FS. 

In setting up our perturbation theory scheme two quantities appear fre- 
quently: the particle-hole and the particle-particle bubble diagrams. In zero-th 
order they are defined respectively as 

xf!(p) = - /g;% )g ;% + p), ( 4) 

Jq 

and 

n<°>(P) = f Gf^G^i-q + P) (5) 



where 



q - e (q) + id qo-e (q) - id 



with e (q) = e (q) - f , f q = -if ^ J ^and q = (<fo,q). 

It turns out that is singular only if the G^'s refer to flat sectors such 
that q and q + P are points from corresponding antipodal border regions of FS. 

In the case, in which e.g. P = ^0, 2k F — we find 



v (0) fp . p x _ (A — A) 



, . n + P -iS\ , /o-p n -«^ 

In — + In 



Po-iS J V --Po - iS 



(7) 



with f2 = 2k F X. 

In contrast Il^is singular for particles located in both 'cold' and 'hot' spots 
whenever they are involved in a Cooper scattering channel. Here for e.g. P = 
(0, 0) we obtain 
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<> (P;P ) = 



n + Po -i6\ (n-p Q -& 



Po-iS J V -P - iS 



(8) 



As is well known the Cooper channel singularity drives the system towards its 
superconducting instability. However at one-loop for a repulsive interactions the 
renormalized coupling approaches the trivial Fermi liquid fixed point As op- 
posed to that the singularity in x^ ^ produced by the one-loop exchange channel 
drives the physical system to a non-perturbative regime. This non-perturbative 
behavior might be indicative of either the failure of the one- loop truncation or of 
the inadequacy of perturbation theory itself to deal with that situation. To find 
out what is in fact the case we consider the effect of higher-order contributions 
in both one-particle irreducible functions I^ 2 ) (p) and F^ (p). 

3 One-Particle Irreducible Functions 

(2) 

Let us initially consider the one-particle irreducible function T). (po,p) for a p 
located in the vicinity of a 'cold' spot point of FS such as p* = ^A, — k F + ■ 
We can write T^in this case as 

r{ 2) (po, p)=Po + k F (p y + k F - - S T (po, p) (9) 

where, using perturbation theory, the two-loop self-energy E-f is given by 

S T (PO, P) = ^ - 2C/ 2 / G{ 0) (q) xff (q - p) (10) 

J q 

The constant term produces at this order a constant shift in k F which will be 
neglected from now on. Evaluating the integrals over q we obtain[fll| 



W 2 / A — A\ 2 / , / , A 2 



^T>0,P)^-^^— j [Po + k F (p y + k F -—)) (11) 

^ I —f n+P °-\ S I (12) 

k F [p y + k F - +pq- iS / 

ln I —7 Q - p °-\ § ) ) (13) 

^ k F \ Py + k F - Ai J - Po - iS J J 

Clearly both dTi^/dp y and d'E^/dpo are divergent at FS. This gives the 
marginal Fermi liquid result jl^] for p y = —k F + A_ an d p Q _ > which nullifies 
the quasiparticle weight Z = 1 — dReE-^/dpo \ p *. u at the Fermi Surface. We 
can also arrive at this result using the renormalization group (RG). For this 

(2) 

we define the renormalized one-particle irreducible function T K R i (po,p) such 
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that at po = to , where a; is a small energy scale parameter, and p = p*, 

(2) (2) 

T R ^ (po = u), p = p*) = uj. Using RG, T R ^ is related to the corresponding bare 

(2) 

function by 

rg (p; £/; w) = Z (p*; w) 1$ (p; C/ ) (14) 

where /To is the corresponding bare coupling. Since at zero-th order Uo = U it 
follows from our prescription and perturbative result that 

z(p*;oj) = -J_ (15) 

i + f&(^) MS) 

Naturally, Z — if u — > 0. As we showed elsewhere this result reflects itself in 
the anomalous dimension developed by the single-particle Green's function at 
FS. 

Let us next calculate the one-particle irreducible two-particle function L (pi,P2',P3,Pi) 
for a, (3 =t,l- This function depends on the spin arrangements of the exter- 
nal legs as well as on the scattering channel into consideration. Generically for 
antiparallel spins up to two-loop order we have that 

rjf (pi, P2 ;p 3 ,P4) = -u + u 2 f g{ 0) (fc)cj 0) (k + P4 - Pl ) (16) 

J k 

+U 2 [ cf ] (k) Gf (-k + pi+ pa) + (17) 

J k 

-U 3 f G; o) (fc)G; o) (fc+p 3 -pi) / Gf ) (q)G ( ° ) (q+p 3 - Pl ) + ... (18) 

J k J q 

The only one-loop terms are the particle-hole diagram which couples legs 
with opposite spins and the particle-particle diagram for legs with opposite 
spins. The forward-channel which is associated with diagrams with external 
legs of the same side with the same spin only begins contributes to from 
the two-loop order on. The other two-loop contributions are omitted here for 
economy of space. In contrast, if we now consider the two-particle function for 
parallel spins we find instead 



r^( Pl ,p 2 ;p 3 , P4 ) = -U 2 [ Gf ) (k)G{ 0) (k+p 3 - Pl )+ (19) 

J k 

+U 3 [ Gf ] (k)Gf } (fc + p 3 -pOnfJ (k+ P2 )+ (20) 

J k 

-U 3 f G ( ° ) (k)Gf ) (k+p 3 -p 1 ) x ^(p 4 -k) + ... (21) 

J k 

Clearly the singularities in our perturbation series expansions depend very cru- 
cially on the values of the external momenta. Due to this anisotropy of momenta 
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space different scattering channels produce different divergent results at different 
positions of FS. As we will see later this automatically requires the definition of 
momenta dependent bare coupling functions in our perturbation series expan- 
sions. Despite that all the existing divergences can be grouped together with 
respect with their scattering channel and vertex type associated with the singu- 
lar loop integrations. This opens the way to define a systematic regularization 
procedure to guide our renormalization group prescriptions throughout all our 
calculations. Here we follow the convention to define the "exchange" type vertex 
when its left (right) incoming and outgoing lines have opposite spins. We have 
an "exchange" type divergence whenever the momenta of particles with oppo- 
site spins can be tunned together to produce a logarithmic singularity in the 
one-loop particle-hole diagram. This can be easily achieved in the " exchange" 
scattering channel for f pi =t P3 and I P2 =1 P4. In contrast for t Pi = ~~ P2 I 
and t P3 = — I P4 it is now the particle-particle diagram which gives the lead- 
ing contribution in one-loop order. When this is the case we say we have a 
"Cooper " channel. Now the divergent particle-particle loop can be described in 
terms of bare "Cooper' vertices. Finally we say we have bare "forward" vertex 
whenever a particle-hole loop produced by left (right) incoming and outgoing 
particles with same spins becomes divergent. This vertices appear naturally in 
the "forward" ( zero sound )channel for t pi =| p 4 and J, P2 =T P3- Here it is 
now t P3 and | pi which are tunned to produce a In 2 divergence in two-loop 
order. In this work we consider only the leading divergence at every order of 
perturbation theory. Nevertheless since we go beyond one-loop and we include 
non-trivial self-energy corrections we take explicitly into account contributions 
which don't appear either in parquet type or numerical RG approaches. Inas- 
much as both the renormalization conditions and the bare coupling functions 
vary as we move along in momenta space, strictly speaking, we need an infinite 
number of counter-terms to regularize our model. However all the divergences 
which appear in perturbation theory can be associated with a loop integration 
with vertices which are either of exchange, Cooper or forward type. As we 
will show explicitly later it is possible to define three bare coupling functions 
Uox (I P4- T Pi), U oc (T Pi + P2 I) and U of (| p 3 - | Pi) respectively to cancel 
out exactly, order by order, all the divergences which appear in our perturbation 
theory expansions. 

To illustrate our argument further take initially e.g. pi = P3 = f A, kp — 5^— 



and P2 = P4 = (A — e, — kp + with e being such that < e < A — A. The 
leading terms up to two-loop order for po ~ are (Fig.2a) 



rff (pi - p 3 ;p 2 = p 4 ,Po) = -u- u 2 x fl (p 4 - pi; Po ) + u 2 nf> ( Pl + P2]Po ) (22) 

-U 3 ( x <°> (P4 -Pi;po)) 2 - U 3 (n(°) (pi + P2 ;p )) 2 (23) 
-U 3 f (k) G< 0) (fc + p 4 - Pi) < } (k + P2 ) (24) 
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+U 3 J G} 0) (k) Gf (-fc +pi +p 2 ) (xff (P4 - fc) + P4 # ps) + ... (25) 



If we evaluate all diagrams we find 



r U (Pi =P3;P2 = P4,P0 ww) = -u 



2lX l k F \lu 



U 3 2 A ^ 



t/ 3 



16tt 4 /c|, 



3e(A-A-|) 



((A -A) 2 -, 2 ) 



In 



For 



Pi = -P2 = ^A, A; f - Al) an d p 3 = _p 4 = - e, -k F + 



two-loop order our series expansion becomes instead (Fig.2b) 



2k F ) 



(26) 
(27) 
(28) 
(29) 
up to 



rj 4 / (pi = -p 2 ;po) = -u + E/ 2 nf? (po) - ^ 2 xu (p* - pi;po) 



-t/ 3 (n|y (po)) - C/ 3 (xff (P4 - Pi;Po) 
+U 3 f Gj 0) (k) Gj 0) (-fc;po) (xff (P3 -k) + xff (P4 - fc)) 

~u 3 [ g\ 0) (k)G{ 0) (fc + P4 -Pi)nW (fc + P2 ) + ... 



(30) 
(31) 
(32) 

(33) 



Evaluating the integrals we obtain 



2TT 2 k F ^ ' \UJ 



■ J£-(A-A-e)]n(- 



4?r 4 fc 



■ — ~ (A-A-e) 2 ( In 



+ 



U 3 



16n 4 k F 



+ 



U 3 



167T 4 fc2, 



(A -A) 2 -, 2 



(34) 
(35) 
(36) 
(37) 
(38) 



Finally, for pi = p 4 = (A, k F - and p 2 = P3 = (a - e, -k F + ^) we 

have that P3 — Pi = ^A — A — e, —2k F + , pj + p 2 = (A + A — e) and our 
series expansion in the forward channel becomes (Fig.2c) 
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rff (pi - p 4 ; P 2 - p 3 ,po) = -c/ + ^ 2 n(°) ( Pl + P2 ;p ) (39) 



Tl 

. 2 



-£/ 3 (xf? (Ps - pi;po)) - u 3 (n(°) ( Pl + P2 ;p )) (40) 

+t/ 3 ^ G; o) (A;) G; o) (-fc + Pl + p 2 ) (xff (p 4 - fc) + P4 ^ ps) (41) 

+U 3 f Gf ] (k +p 3 - pi) G{ 0) (fc) X ff (P4 - fc) + .- (42) 

J k 



Ik 

Solving all the integrals above we get 



lf i ) (pi=P4;P2 = P3,Po) = -t/ +_g_(A-A-e)ln(£) (43) 

W 2 ( ln (S)) -Ar^-^^f^m 2 (44) 



167T 4 fc2 
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(\-Af-e* (ln(£)) 2 + ..(45) 



Our renormalization prescription must therefore incorporate this momenta 
space anisotropy to cancel all the corresponding singularities appropriately. Us- 
ing RG theory we now define the renormalized two-particle function T^^in 

terms of the corresponding bare function : 



T R1l (Pi^P2;P3,P4,;U a ({pi};u) ;uj) = Y[z^ (p l ; uj) (pi,p 2 ;p 3 ,P4; U 0a (Pi)) 

i=l 

(46) 

where Uo a is the bare coupling and U a is the corresponding renormalized cou- 
pling with a = x (exchange) ; C (Cooper) ; / (forward). We say we are in an 
exchange type channel whenever the exchange particle-hole diagram gives the 
leading contribution in first order perturbation theory. Similarly for the Cooper 
channel the dominant first order contribution is the Cooper particle-particle 
loop. Finally when the particle-hole loop with left and right legs with the same 
spin is divergent we are in the forward channel. Using this scheme for the mo- 
menta values above in the exchange channel the corresponding renormalized 
coupling is determined by the prescription 



T RU ( Pl = P3 ' P2 = P4 ' Po = W ' Ua ^ = ~ Ux ( Pl = P3 ' P2 = P4 ' U ' Ua "> ( 47 ) 

for pi = P3 = (A, k F - and p 2 = P4 = (x - e, -k F + with 2e > 

A -A. 

Similarly, in the Cooper channel we assume that the renormalized coupling 
is fixed by 



9 



for pi = -p 2 = (A, fc F - Ai) 
the forward channel we define 



(48) 

and pi = -p 2 = ^A, k F - A^) . Finally for 



t ru (Pi = P4;P2 = P3,Po = u;U a ) = -U f (pi = p 4 ;p 2 = p 3 ;u;U a ) (49) 

for pi = p 4 = (A, k F - Al^ and p 2 = p 3 = (a - e, -fc F + Ai^ respectively. 
Using these prescriptions we find respectively 



£4(pi = P3;P2 = Pi;uj;U a ) = Z (pi;u) Z (p^u) {U 0x [1+ 



+ 



n 



1 



(e 2 C/ 2 x+ 



3 'A-A-D^^^M 



+ 



A-A-e 2 /0 



/ \77>l.f 



(A - A - e) 2 [/ 2 C - 



-i((A-A) 2 -e> ( 
for the exchange channel, 



In 



n 



(50) 
(51) 

(52) 

(53) 

(54) 



Uc (pi = -P2;P3 = -P4; w; C^a) = Z(pi;w)Z(p4;w) {E/oc [1+ 
4A 



27T 2 fcf 



i(f<A-Af + 2«(A-A-«>W) 



+ 



+ 



A-A-e 2 , ffl\ , U 0x 
UL In 



47r 2 fcir ' 167r 4 fc| 



+ 



(X-A-e) 2 Ul + 



-((A -A) 
for the Cooper channel and finally 



2 , 2 \ n 2 



In 



(55) 
(56) 

(57) 

(58) 

(59) 



Uf(pi =P45P2 = p 3 ;uj;U a ) = Z (p 1 ;ui) Z (p 3 ;uj){U f [1+ (60) 

A-A-e „ , /OA , x 
- + ( 61 ) 



+ 



f^hrl- 



~47T 4 fcf, 



(A - A - e) 2 [/< : 



oc 



(a - Ay 



O.r 



(62) 
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for the forward channel with Z (pi; u>) given as before and 



Z-'ips-co) = 1 + 



TT 2 
16n 4 k 2 F 



^(A-A) 2 + 3e(A-A-e) 



... (63) 



However taking into consideration that the divergencies are removed by local 
subtractions and at third-order perturbation theory we must have Uq C = U§ x = 
Uqj = Uq there is no mixing of channels if we only do perturbation theory up 
to two-loop order. As a result the renormalized couplings reduce to 



where 



U x = U 0x - (aUl - 2bU* x ) In + 



(64) 



a = 



2e - (A - A) 
2ir 2 k F 



b = 



327T 4 fc^ 



(A - A) + e (A — A - e) 



U f = U of - (cU* f - 2bU* f ) In (^j + ... 
with c = (A — A — e) /2n 2 k F , 

U C = Uoc - (dUt c + 2bU$ c ) In (^j + ... 



(65) 
(66) 

(67) 
(68) 



with d = (4A - (A — A — e) /2) /2ir 2 k F . 

Using the RG conditions udUo x /du = ujdUof/du; = uidUoc/duj — the RG 
equations for U x , Uf and Uc in two-loop order are therefore 



P (U x ) = u 
/3(U f )=u 



dU r . 



duo 
du 



and 



= -aUl + 2bUl + ..., 

ci ■ -ihr-; ... 

dU? + 2bU? + ... 



(69) 
(70) 



(71) 



Note that there are non-trivial fixed points U* — §^,U* 
and U* t - x - A - £ 



4A-(A-A-e)/2 



u* 



2b' 2e-(A-A) 

'/ ~~ ~ 2£-(A-A) f° r the exchange, Cooper and forward channels respec- 
tively which are infrared stable {IR) but they are by no means of small magni- 
tude if k F (A — A) and A ^> (A — A). The magnitude of U* is regulated by 
the ratio of k F and the size of the flat sector of FS for e = A — A. In this case the 
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larger the size of the flat sector with respect to fcjr the smaller the magnitude of 
U*. For Uq and UJ there are extra multiplicative factors which measures basi- 
cally the ratio of widths in k-space available for the divergent particle-particle 
and partcle-hole diagrams in the Cooper and forward channels respectively. In 
our perturbation theory scheme the expansion parameter is precisely a fraction 
of U a (width) jkp and even a large value of the coupling constant such as some 
of the J7*'s above presents no serious convergence difficulty to our perturbation 
series expansion. 

We can use a similar RG approach for the renormalized two-particle irre- 
ducible function with parallel spins. Now we define the corresponding one- 
particle irreducible function as 



r ATT (Pi>P2;p3,P4;t/o;w) = Yl Z2 (p»; w ) r ort (pi,pr,P3,P4;Uo a ) + A(u) (72) 

i=l 



where A (ui) is an infinite additive constant since the first term in our perturba- 
tion series expansion for I^tl is already divergent . As a result using the same 
choice of external momenta as before we choose the prescription 



r ATT ( p4 =Pi!P2 = P35Po = w; U a ;u) = Z (pi;w) Z (p 3 ; u) [ (73) 
(p 4 = Pi; P2 = p 3 ;Po = w; U 0a ) + A(w) =0 (74) 

Using our perturbation series result (Fig.3) we then obtain 

r$ T (pi = p 4 ; p 2 = p 3 ,po = w; u Qa ) = ^fl s in (£) (75) 

Using the same approximation t/py = Uq C = U§ as before it follows immediately 



A ^ = -^Z U f ln (S) + (77) 



167T 4 fc|, 



*(*- A -5) tf U + - (78) 



Having established the existence of IR stable non-trivial fixed points in two- 
loop order we can now investigate how self-energy effects produce an anomalous 
dimension in the single-particle Green's function at the Fermi Surface 
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4 Single-Particle Green's Function and Occupa- 
tion Number at FS 

We can use the RG to calculate the renormalized Green's function Gr at FS. 
Since Gr = (Tr*^ it follows from the previous section that 

G R (po; P*; {U a } ;u) = Z' 1 (p*;u,) G (po; P*; {U 0a }) , (79) 

where Go is the corresponding bare Green's function and p* is some fixed FS 
point. Seeing that G is independent of the scale parameter ui we obtain that 
Gr, satisfies the Callan-Symanzik (CS) equation ||l3]| 

^ + ^/3a({£/ b })^r+7] G R (p o ;p*;{U b };u>) = 0, (80) 



where 



7 = LU-^-\nZ(uj) (81) 

duj 

Using the fact that Gr, at FS is a homogeneous function of only ui and po of 
degree I? = — 1 it must also satisfy the equation 



d d \ 

w^-j+po^J G R (po;p*;{t/a};w) = -G fl (po;p*;{^a};w) (82) 

Combining this with the CS equation we then find 

(~ P °Wo + ^ Pa ({Ub}) ~^k +7 ~ 1 ) GR P * 5 {Ub} ; 



w) = (83) 



However up to two-loop order we don't need to distinguish the mixing effects 
of the different scattering channels in the self-energy and for simplicity we can 
assume that the divergences up to this order are entirely due to the exchange 
channel. Thus the CS equation reduces to 

i~ Po Wo + ^ (c/x) w~ + 7 _ x ) Gr {po; p * ; Ux ' w) = (84) 

From this we obtain that the formal solution for Gr is 

Gr( Po ; P *;U x ;u) = i-exp (J ° din f^J <y[U x (f ;p*;U x )]\ , (85) 
where 
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dU x (j> Q ;U) 



din 



(86) 



with U x (p = u>;p*;U x ) = U x (p*;u/). 

If we assume that as the physical system approaches the Fermi Surface as 
po ~ u; — > 0, it also acquires a critical condition with the running coupling 



we can 



constant U x (p*; u) —> U* (p*) and if we take p* = (A — e, — kF 
use our perturbation theory result for Z (p*; w) up to order O (U* 2 ) to obtain 



A 

2k-F 



zui 



167T 4 fc|, 



(A - A)' 



+ e(A- A-e) 



= 7 



(87) 



As a result of this Gj? develops an anomalous dimension given by IT] 



1 (J 1 



(88) 



If we make the analytical continuation po — * po + iS , Gr reduces to at FS 



G r ( Po ;U*;lu) 



1 f UJ 



[cos (7T7*) + i sin (iry*)] 



u VPS. 

Using this result the spectral function A(kF,pa) — —ImGn becomes 

3 7* sin(7T7*) 



A(k F ,p ) - 
and the number density n (fcp) reduces to 



\Po\ 



1 sin (?T7*) 
n(kF) = — 

y ' 2 7T7* 



(89) 



(90) 



(91) 



Notice that if U* — > 0, 7* — > and as a result n (fcj?; {/* = 0) = |. Alternatively 
if we replace our two-loop value for U* we get 



(A - A) /2 + e (A 



7* = I (2e - (A - A)) 2 

6 (A — A) 2 + e (A — A — e) 

If we now take e = § (A - A) we find 7* = .07, 



e) 



(92) 



JmGfl (p ; ^*;^) 



,2\- 035 1 



bo!' 



(93) 



and as a result n{kF\U*) = .14. This result shows that there is indeed no 
discontinuity at n (k F ). Moreover there is only a small correction to the marginal 
Fermi liquid result for the 'cold' spot point which suffers the direct effect of 
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the flat sectors through S. The correction to the linear behavior of JmE is 
practically not observed experimentally. The power law behavior of Gr and 
the value of n (k F ) independent of the sign of the coupling constant resembles 
the results obtained for a Luttinger liquid[[l4j. However for the one-dimensional 
Luttinger liquid dn (p) /dp | p= j. p — > oo. In order to see if the occupation function 
shows the same behavior in our case we have to generalize our CS equation to 
explicitly include the momentum dependence for Gr in the vicinity of a given 
'cold' spot point. 

5 Green's Function and Momentum Distribution 
Function near a 'Cold' Spot Point 

Let us choose for simplicity the point p = ^A — v, — k F + 5^ — j^-J in the 
(0, — fci?)-patch of our FS model. Quite generically the relation between the 
renormalized and bare one-particle irreducible I^ 2 ) s holds for any momentum 
value. Thus taking into consideration our perturbative two-loop self-energy 
result together with the fact that at po = and in the vicinity of the FS point 

^A — v, — kp + ^jrj — it is natural to define a renormalized [kp) R such 

(2) 

that TV,' reduces to 



?r (po = 0, P ; lo) = p = (k F (p y + k F~-^; + ^)) ( 94 ) 

/ A 2 vA\ 

-Z(.)k F [p y + k F - — + -j (95) 

In the presence of a non-zero p the CS equation for Gr in the neighborhood of 
this 'cold' spot point becomes 

w aJ + /3(t/ ^ mT + lV dp + 1 ) g r(po;p;U x -,u) = o (96) 

Since now we have that 

d d _ d \ 

+ Po-q^- + Pg^J Gr \Po> P\ U x \lo) = -Gr (po; p; U x ;uj) (97) 

it follows from this that Gr satisfies the RG equation 



(po-^- + (l-j)pJL-0(U x )-JL + l- 1 ) G n U,,J>: ( '., : > 0. (98) 
We can therefore write Gr in the form 
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G R (p ;p;U x ;w) =g {U x (p ;U x );p(p ;p))ex.p- J din [1 - 7 (U x (p ;p; U x 

(99) 



where 



p(pa;U x ) = pexp 



dln(^)[l- 7 (C^(p ;p;i; x ))]), (100) 



and the /? -function is determined perturbatively. If we assume as before that 
the physical system is brought to criticality as ui — > and U x (u>) —> U* 7^ we 
can use our perturbation theory result for 7 and these equations reduce to 

G R (po;p;U:;Lo) = -g(p(p Q ;U:))(^Y , (101) 
Pa \ u) / 



with 



p(p ;U x ) =P{— ) 



(102) 



The function (? is determined from perturbation theory. Recalling that at 
zeroth-order, for po ~ w, we have that 



g k = — =+o(c/ x * 2 ) 

+ p 



(103) 



and it turns ou that 



0(p(po;O 



+ ... 



(104) 



uj+p(p a : U*) 

Finally, combining all these results we get that in the vicinity of our 'cold' spot 
point 



G R (po;p;U*;(j) = ^ (^f 



1 + 



2 \ V 
P Po x - 



Po \ w 



(105) 



If we now do again the analytic continuation making po — > pa + iS we obtain 
the renormalized Green's function as 



Gr(p ;p;U x ) 



m 



P {B?) ~ bo|cos(7T7*) +i |p |sin(7T7*) 



(106) 



It follows from this that imaginary part of the renormalized self-energy ImY, R 
is given by 



16 



ImT, R (p ;p;U*;uj) 



\Po\ 



sin (tt7*) , 



and the renormalized spectral function Ar (p; ui) becomes|0| 



(107) 



\Po\ ({ 



sin (ttj*) 



P- \Po\ (g) 2 cos(7r 7 *) +pl (gj sin 2 (7T 7 *) 



(108) 



We can immediately infer from this result that our renormalized Fermi Surface 
near the given 'cold' spot point is now characterized by a dispersion law given 

by 



Po = e (p) = ± 



|p| sec (7T7*) \ 1 -t 



which in turn produces a "Fermi velocity" vf given by 



vf 



kF 



1-7" 



(sec (7T7*)) 



(109) 



(110) 



Clearly for 7*/ (1 — 7*) > 0, we have that vf — > if |p| /w — > and is finite for 

Finally, using our spectral function result we can calculate the momentum 
distribution function n (p) for ^ ~ 0. We obtain for non- integers 7*/ (1 — 7*) 
and (2 -7*)/ (I-7*) 



i 7* 2p 
1 + - — ; — cos (7T7 ) + 



I sin (777*)! 
2tt7* 



2 7 * - 1 w 



-7 



1— 7* \1 — 7*/ \1 — 7*/ \ 1 — 7 1 

COS (7T7*) 



(111) 

(112) 
(113) 



It follows from this that 



dn (p) ( \p\ 



(114) 



Therefore if 1 > 27* or 7* > 1 we have dn{p) /dp — > 00 when p/u> — > 0. If we 
use our two-loop perturbation scheme and assume that v <C e = § (A — A) we 
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can use the value of U* obtained before. Combining this with our perturbative 
result for Z (ui) which at the appropriate momentum value is given by 



ZH = l-^(A-A-,)^flng) + ... (115) 
" 1 -^Ix(A-A) 2 t/* 2 ln(T) (116) 



32-K 4 k F 



we find 7* = 6/121. For this value of 7*the momentum distribution function is 
clearly non-analytic at p = indicating that some remains of a Fermi surface 
continues to be present in the system. Thus for this k— space region the physical 
system resembles indeed a Luttinger liquid||lj|. Moreover despite the fact that 
both dReYj/duo and dReY>/dk are both singular at FS the renormalized Fermi 
velocity vf can continue to be finite as in a incompressible fluid[|l5| if p/ui = 1. 
This shows that the effects produced by the flat sectors of FS leads to a complete 
breakdown of the Landau quasiparticle picture in the "cold" spots. This is in 
general agreement with recent photoemission data|| for optimally doped Bi2212 
which report a marginal Fermi liquid behavior for IrriE and a large broadening 
of the spectral peak even around the (§, §) region of the Fermi Surface for 
temperatures higher than T c . However our results depend in an important way 
on the value of the non-trivial fixed point U* . It is therefore opportune to check 
what happens to our results if we include higher-order corrections. To estimate 
this we discuss the higher-loop contributions to both the quasiparticle £j and 

r (4) 

1 TiiU' 

6 Higher-Order Corrections 

In 3-loop order with our local subtraction regularization method we don't dis- 
tinguish the different bare coupling functions at order O (Uq) . There are in this 
way two contributions to the bare self-energy £qt (Fig A): 



41 (P) = "I ^ G< 0) (q) (q - p)) (117) 

= UooUl [ Gf ] (q) (xff (q - P)) 2 (118) 
Gf (?)(xS?(9-p)) 2 (H9) 



— u o 



and 



Sff (P) = U§ c ^ Gf (q) (n^ (q - p)) (120) 
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- V Qx Ul c J Gf (q) (n|y (q p)) 2 (121) 
= U* l^(q)(u^(q-p)) 2 (122) 

with Uq C = C/qj, = f/g ■ However since for p = ^A, —k F + we have that 

n(°) (q + p; go + Po) = — xfi (q — P! 9o — ( — Pa)) these two contributions at this 
order cancel each other exactly for po = w = 0. The next non-zero contri- 
butions are therefore produced by the fourth-order terms (Fig. 5). They all 
have the same relative sign bringing about a strong mix between the differ- 
ent scattering channels. Their calculation is non-trivial and it is beyond the 
scope of this present work. However if we include three-loop contributions for 
the various renormalized couplings we can distinguish the different bare cou- 
plings functions at order O (U§) and this produces important changes in our 
results. To observe this in detail we consider the quasiparticle weight Z(p,u) 

for p = (A, — k F + Tjjr— ) . We find now 



Z- 1 (p, u) = 1 + (A - A) 2 In (^j (U 2 X + U 2 C ) + ... (123) 

A similar result also applies for Z (p*,w) for p* = ^A — e, — k F + • If we 
repeat the same procedure as before but now distinguishing the diverse bare 
coupling functions at two-loop order we find respectively 



Ux (pi - P4; w) = Uox + 



——U 2 4- 

2^k F 0x+ 



-bU ax (u 2 x + U 2 C ) + 



(A - A - e) 
2ir 2 k F 



U, 



or 



mi 5 



(124) 
(125) 
(126) 



Uf (pi - P3;^) = ^0/ - 



(A — A — e) 



2ir 2 k P 



+bU 0f {Ul + Ulc)] In 



(127) 
(128) 



U c (Pi 



Uoc 



4A tt2 , 



+6(7 x (C/ 2 , + t/ 2 c ) + 



(129) 
(130) 
(131) 
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for the exchange, forward and Cooper channels. If we now define the corre- 
sponding /3-functions as 



gjj 

(3 x (U x ,U f ,U c )=u-^j- (132) 

f {U f ,U x ,Uc)=u^ (133) 

0c(U c ,U x ,U f )=LJ-^- (134) 



it follows that 



X (U x , U f , U c ) = -^1^1 + {U 2 X + U 2 C ) + (135) 



27T 2 fcf 



U6 + -, , (136) 



ft (U f , U x , Uc) - {X 2 X F + bUf W + U ^ + - (137) 

and 

(3 c (U c ,U x ,U f ) = ^j^U c +bU c (U^ + U c ) (138) 



(A-A-e) t T 2 



Ui + ... (139) 



with b = 7*/2 given as before. To determine the fixed points let us choose for 
simplicity the case e = A — A. Taking (3 X = (3f = flc = it follows immediately 
that the non-trivial fixed points for this value of e are 



16n 2 k F ! 
* 3(A-A)^ ' 
U]=0, 



3A 



^r 1 



with C = 



1 + ( 4A ) > 1. Defining the matrix of eigenvalues My by 



m 

dUj 



(140) 
(141) 
(142) 

(143) 



for i, j — C,x, f respectively we can expand in coupling space around these fixed 
points to findjl^| 



fa = M v ( u j (p*; w ) - u* (p*)) 



(144) 
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Integrating these out we obtain 



Ui = U* + Y,CjVi^ (145) 

3 

where 

MijVij = 7i Vj (146) 
Using our results it then turns out that 

and 

c/Hp*;^)-^ 1 ^ (wo) 

where Ci, and C2 are constants. As a result unless there is one adjustable pa- 
rameter which can be tunned to produce C2 = we no longer approach the fixed 
point (u^,U*,U^ as we approach the Fermi Surface when taking the limit 
uj —* 0. This is the main effect produced by the mixing of scattering channels at 
higher order perturbation theory. Now the running coupling functions Uc (p; oj) 
and U (p;w)are only infrared stable if there exists an external parameter which 
could be, for example, either temperature or hole concentration which can be 
readily adjusted to nullify a at FS. The critical surface formed by the set of 
trajectories of Ui (p*;w) which are attracted into the fixed point (u£, U*, Uj^j 
for lj — > has in this way codimensionality one. If we assume that the exter- 
nal parameter needed is the physical quantity 0, in the vicinity of the phase 
transition the coupling constants associated with the three scattering channels 
become 



Mw)Hlc + ^K- + <^(^)„-lc--, (151) 



and 



C/H^^" 1 (152) 
where 9 C is the critical value of 9 at the transition point. 
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7 Spin and Charge Susceptibilities 



Let us consider initially the longitudinal spin ( charge ) susceptibility \ zz (q) 
(Xc (?)) for |q| = |q*| = 2fc_F — ^ + ^ which as expected is singular in the 
exchange ( forward ) channel. For consistency we define 

*»M (?) = It?) (*) = Shi / 6 h(- q) ( 6XP " {J, h <*> * <*>) ) fc=0 > < 153 > 
where 

6 (fc) = 5 Z (fc) = y (p + fc) ^ T ^ _ ^ (p + fc) ^ ^ j (154) 

for the longitudinal spin susceptibility, or 

£ c (A) = jf (V{ (p + fc) (P) + ^1 (P + fc) V-i (p)) , (155) 
for the corresponding charge susceptibility, with 

(...) = J d [ff>l] d [Vv] exp - J C E tyU i> a ] ■ (156) 

Here Le is the Euclidean version of the single-particle lagrangian given by 
Eq.[l]. Using perturbation theory up to one- loop level with yet no mixing of 
scattering channels and with the bare coupling as the expansion parameter we 
obtain to order O (Uq) that (Fig.6) 

r Sc) u d = 2 * (0) (*) ± 2U ° (* (0) ± - ( 15? ) 

Since (<Zo, q*) is already logarithmic divergent to define a finite renormalized 
we have to introduce a new composite field scale multiplicative factor Z Xs 
and a constant term. We have that 

r£f (q , q* : 17; a,) = Z\ a (q*; u) (q , q*; U ) + C (a,) (158) 

or 

rgf ) (go, q* :U;u,) = Z* b (q*; u) (q , q*; U ) + D ( w ) (159) 

The constants C and D above can be infinite but they disappear from the 
problem when we differentiate equation (100) or (101) with respect to In qo |fL7fl . 
We get in this case 
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ai^ r k°A) ^ :U; U ) = Zl (c) (q -; W ) ^r^ } (»,q';C*,) (160) 

It follows from this that $^( c ) (?o i q* > ^! w ) = ~^ r ^( c ) (?o, |q| = 2&f : {/; w) /<91ng 
satisfies the RG equation 

+ E & ^ t//) ^ - 2 7xs(c) ) <J c) q*; f/;^) = (161) 

where 7 X = utd\nZ x (q*;ui) /dcu. Up to one-loop order as indicated in Fig.6 
there is no mixing of channels. Thus we assume that the zero-order coupling 
is associated with only one of the existing scattering channels. It then follows 
that taking into account that is dimensionless the general solution of this 

RG equation reduces to 

$ Sc) (*>; q*; {tfi} ; - ^ (c) ex P (-2 £° din Q 7xs(c) [{^ (w; u t )}] 

(162) 

with 

^(w,{^})_ A( ^ ( _ {f/J)) (163) 



din 



(5) 



and L/j (go = w; {J/j}) = £/j (u>). To determine both f s (c) an d 7x 3 (c) we have to 

invoke perturbation theory. We can do this using the perturbation expansion 

(2 1) 

for the bare function r z(c) together with the appropriate RG condition for the 
g;„™ rOM) i„ ... „\ - a-i (~ _ ^ ^-1 f , _ ,.\ n^ 1 ) 



renormalized T y R ' '. Since (x, y; z) = G ^ (x — z) G ^ (z — y) G Q ^ z ^ (x,y; z) 

(2,1) 
OTT^(c) 



where G^'P, (x, y; z) is defined as 



G 0Tti(c) ( x ' y ; z ) = ( x ) W>T (f ) &>(<0 ( z ) ex P _ J C ™t ipL ( w ) ) V'Oa M ; J7 

(164) 

it follows that (Fig. 7) 

r oni(c) (9) = 1 T C/o / G oi (p + g) G oi (p) + ... (165) 
Using i?G theory the bare is related to the corresponding renormalized 

r (24) bv 

r onic) fa = ^ (c) (1*; w ) (p + q; <->) ^ (p; rg£ (c) (p; 9; «0 (166) 
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(2 1) (2 1) 

If we define the renormalized ^ r ^ z m such that ^ r ^ z m {Qo — <3 = Q*; U) = 1 
and taking into consideration that to order O (Uo) , Z (p + q; uj) = Z (p; uj) = 1 
it follows immediately that 

**.<.> (q';a,) = IT in (£)+..., (167) 

and F s = F c = (A — A — 5) /n 2 kp. As we can see from Fig. 7 the coupling func- 
tion involved in this process is such that it does not allow the exchange of spins 
between left and right ingoing or outgoing legs. Following our regularization 
scheme we can then relate Uq to an appropriate renormalized forward coupling 
function Uf (u>). Assuming that as the scale parameter uj — > this running 
coupling function approaches a non-zero fixed point Uf (uj) — > Uj , 7 X becomes 

-W,=±^^7±- (168) 
Hence, in the vicinity of the Fermi Surface , for q = q*, ^ Rzz reduces to 

^(0,2) / * tt* \ A ~ A - 5 fqo\ T \ X ^% 6 ) u *f , 1cn . 

If we integrate this out with respect to In we find that the corresponding 
renormalized spin( charge ) susceptibility ^ R ' zz \ c \ is given in the form 



Xs(c) (<zo;q*;w) = T R ' zz [ c) (q ;q*;Uj;uj) 
l 



= ±- 



uj J 



(170) 
(171) 



Clearly T R ' Z 2 J is singular if Uj < for qo > and uj — > 0. In contrast, in this 
limit, r^ 2 " 1 reduces to 1/ Uj . The renormalized charge susceptibility is there- 
fore finite for (?o > uj — ► 0. However if we consider the mixing of channels effect 
in higher order perturbation theory which nullifies the fixed forward coupling 
Uj the spin and charge susceptibilities in one-loop order reduce to 



Xs(c) (qa;uj) 



A- A- 6 

TT 2 kF 



In 



(!) 



(172) 



Nevertheless if we consider those higher order effects in the fixed couplings 
for consistency we must also take into account the corresponding higher loop 
contributions for both Z Xs(c) and ^ Rzz \ c y This brings important modifications 
to this limit and will be discussed elsewhere. 



Consider next the pairing susceptibility \ p (q) = T^ 2 ^ (q) for |q| = defined 



by 
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X P («) = TV* (g) = (exp - / p (p) ^{ (-p + k) V (*) + 

(173) 

If we follow the same steps as before using the fact that (g , |q| = 0) = 
n^ -* (go) is logarithmic divergent in the 'Cooper' channell we define the renor- 
malized pairing correlation function r^ 2 ^ (q : U;lo) by 

r£ 2) (go; q - 0; {[/,} ; w) - Z\ p (q = 0; w) r£ 2) (g ; q = 0; {U 0i }) + B (u) , 

(174) 

where the corresponding bare correlation function, up to order O (Uoc) m per- 
turbation theory is (Fig. 8) 

rg 2) ( 90 ; q = 0; (7 ) = (go; q = 0) - (7 0C (n<°> (go; q = 0)) 2 + ... (175) 

Defining the corresponding $^ 2) (g ; q = 0; J7 C ; w) = aif^ r 2p 2) (?o; q = 0; U c ;u) 
it satisfies a RG type equation similar to the corresponding RG equation for 
^Rzz(c)- Thus in one- loop order we can write its formal solution as 

$£ 2) (g ;q = 0;t/ c ;uO = Acxp(-2 J din (^j lylp [U c (q ; U)]j , (176) 
with 

^= W — ^ (177) 
Once again we can use perturbation theory to determine both A and Z Xp 
Defining as before r o 2 ' 1} (x, y; z) = -G^ 1 (x - z) G^ 1 (y - z) G^ p 1] (x, y; z) with 
Gop X) {x,V,z) given by 



G 0p 1] (x,V,z) = (i>01 {x)lpOl (y)^OT ( Z )^01 (z)exp- J £ int VW^fLr 

(178) 

we find that (Fig.9) 



r£ 1} («; tfoc) = l-U 0C Go T (p) Go; (-p + «) + - (179) 

= Z Xp (q = 0; w) (-p; w) Z (p; w)"* rg p 1} (g; (7 C ; w) (180) 

If we define the renormalized T Rp such that T Rp (go = w, q = 0; C/c; w) = 1 
it then follows that 
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and 



Z x P M = 1 + (q = 0; w) In ( - ) + ... (181) 



4A , X 

^ = -SIT 182 

Thus if the physical system approaches criticality as u> —* 0, C/c (<*>) — > 7 Xp 
reduces to 



_ 4A 

and as a result 



= "«;^ < 183 » 



teww*M*-£(5)** <184) 

Finally integrating this result with respect to In (^j) we find 

Xp (qo; q = 0; lo) = T^f (q :q = 0; U*;uj) (185) 



rr* 



(*)' 



(186) 

It is clear that r^, 2 ^ is finite and reduces to —1/Uq when u — > and go > 

0. The singularity for go > w ^ in the bare pairing susceptibility T^ 2 ^ 
is therefore cancelled out exactly by the renormalization factor Z Xp (u>). The 
non-Fermi liquid phase at two-loop level is therefore further characterized by 
finite charge and pairing susceptibilities and a singular spin susceptibility which 
might well represent the existence of a charge pseudogap and the absence of a 
superconducting regime together with strong spin fluctuations. 

Notice however that all this changes as we move around in k— space taking 
into consideration even approximately the effects produced by the mixing of 
scattering channels. To see this in a brief schematic form we can define the 
renormalized external parameter 9 which drives the physical system towards 
the critical regime such that 

e = z~l (9 - e Qc ) (is?) 

where 9q and 9q c are the corresponding bare terms which appears in the renor- 
malized lagrangian as we define a source term in terms of the Cooper pairing 
susceptibility. It follows from this that 9 satisfies the RG equation 

go ^y = -7x P [Uc (qo, U C )} 9 (q , 9) (188) 
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with 9 (go = 0) =6 and Uc (qo — Uc) — Uc- Integrating this out we get 
immediately 

9 (q , 9) = cxp - r lxp [U C (?„, U C )} ^ (189) 
Jlo Qo 

Choosing the qo such that 9 (q , 9) = q we obtain the scaling relation 

- = cxp f°(l + lxp [U C (%, U C )})^ (190) 

Since as we approach the critical region 7 Xp [Uc (qo-, Uc)] — > 7x P (Uc) this re- 
duces to 

' ' * (191) 



qo 

However using our previous results and the fact the the coupling function are 

3 ^ 

dimensionless we must have that qo ~ 9^ — 9 V with v = |£ < 1. Thus it 
follows from this that 

(*r wc/a) ^-^) (192) 

and therefore both $^, 2 ^ and x P — » oo as a power law when 9 — > signalling 
the superconducting transition when is tunned to drive the physical system 
towards criticality. 



8 Conclusion 

We present a two-loop field-theoretical renormalization group calculation of a 
two-dimensional truncated Fermi Surface. Our Fermi Surface model consists 
of four disconnected patches with both flat pieces and conventionally curved 
arcs centered around (0,±fcp) and (±fcf,0) in k-space. Two-dimensional Fermi 
liquid like states are defined around the central region of each patch. In con- 
trast the patch border regions are flat and as a result their associated single 
particle states have linear dispersion law. These flat sectors are introduced 
specifically to produce nesting effects which in turn generate logarithmic sin- 
gularities in the particle-hole channels that give non-Fermi liquid effects. In 
this way conventional 2d Fermi liquid states are sandwiched by single parti- 
cles with a linear dispersion law to simulate the so-called "cold" spots as in 
the experimentally observed truncated Fermi Surface of the underdoped normal 
phase of the high-temperature superconductors. Our main motivation here is 
to test to what extent Fermi liquid theory is applicable in the presence of flat 
Fermi surface sectors which are indicative of a strong coupling regime. New ex- 
perimental data on both optimally doped and underdoped Bi2212[Q above T c 
indicate that the imaginary part of the self-energy ZmS (w) scales linearly with 
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uj even along the (0, 0)-(7r, 7r)direction. This is consistent with other photoe- 
mission experiments^ which support a marginal Fermi liquid phenomenology 
over the whole Fermi Surface. Our results are in general agreement with those 
experimental findings since the power law corrections we find for this linear be- 
havior can in some cases be so small as not to be detectable by the present day 
experiments. Using perturbation theory we calculate the two-loop self-energy of 
a single particle associated with a curved FS sector. We find that the bare self- 
energy is such that ImH (uj) ~ ui and as a result i?eS (uj) ~ u> In (^j) for uj ~ 
reproducing the marginal Fermi liquid phenomenology at FS. We calculate S 
as a function of both frequency and momentum. It turns out that both dT, /dpo 
and dHo/dp diverge at FS. Using RG theory we determine the renormalized 

(2) 

one-particle irreducible function T R (po, P; U, u>) in the vicinity of a "cold" spot 
FS point. Again it follows immediately that the quasiparticle weight Z van- 
ishes identically at the Fermi Surface. Next we calculate the bare one-particle 
irreducible two-particle function (pi,P2',P3,P4) for a, (3 =T, I- This func- 
tion depends on the spin arrangements as well as on the relative momenta of its 
external legs. There are three different scattering channels associated with the 
Tg^'s : the so-called Cooper, exchange and forward channels. For a FS with 

flat sectors there are logarithmic singularities in for both exchange and 

forward channels due to nesting effects. In contrast the Cooper channel pro- 
duces similar singularities in the whole FS. We calculate Tq perturbatively 
up to two- loop order for the mentioned scattering channels. Taking into ac- 
count self-energy corrections calculated earlier on we obtain the corresponding 
renormalized one-particle irreducible function subjected to an appropriate 
renormalization condition. The field theory regularization scheme allow us to 
introduce local counterterms to cancels all divergences order by order in per- 
turbation theory. This simplifies the problem considerably although due to 
the anisotropy in k— space the counterterms are in fact momenta dependent. 
The bare coupling constant becomes a bare coupling function and we proceed 
with the regularization of the divergences grouping them together accordind to 
their location at FS, the scattering channel and the vertex type interaction. 
We introduce in this way three bare coupling functions Uq x (p), Uqc (p) and 
£/q/(p) to systematically cancel all the local divergences in our perturbation 
theory expansions. In this scheme the effects produced by the crossing of dif- 
ferent channels is practically non-existent up to the two-loop order calculation 
of the self-energy. Therefore if we only consider the leading divergence at every 
order of perturbation theory it is essential to proceed with the renormalization 
of fields in order for the running coupling functions to develop non-trivial in- 
frared (IR) stable fixed points. As opposed to the parquet or the Wilsonian RG 
methods we don't try to derive an effective action in explicit form. This would 
in practice demand the introduction of an infinite number of local counterterms 
in our lasgrangian model. Nevertheless all divergences can be removed to all 
orders by local subtractions around a given point of momentum space. The 
anisotropy of the Fermi Surface therefore reflects itself directly in the momen- 
tum dependence of the coupling parameters. This feature is consistent with the 



28 



findings of those other two approaches refered before. However since we take 
explicit into account self-energy even if we don't go beyond the leading diver- 
gence approximation and we are able to find non-trivial fixed point solutions 
in our higher loop calculations. With our two-loop results for the non-trivial 
fixed points together with the assumption that the physical system acquires a 
critical condition as we approach the Fermi Surface by taking the scale param- 
eter ui — > we can solve the RG equation for the renormalized single particle 
propagator Gr (p; U,u) in the vicinity of a chosen "cold" spot point. We show 
that the nullification of the quasiparticle weight Z manifests itself as an anoma- 
lous dimension in Gr- This anomalous dimension is independent of the sign of 
the given fixed point value. Using this result we calculate the spectral function 
Ar (p; U*,uj) and the renormalized single particle dispersion law. From this we 
calculate the "Fermi velocity" which can either remain finite or is nullified at 
FS. Finally we calculate the corresponding momentum distribution function 
n (p) in the vicinity of FS and show that it is a continuous function of p with 
dn (jj) I dp finite or dn (p) /dp — > oo when p/u> — * 0. In the former case we have 
a real charge gap typical of an insulating state and in the latter the physical 
system continues to be metallic and resembles a Luttinger liquid. There could 
be in this way phase separation in k— space and there is a complete breakdown 
of the Landau Fermi liquid when the "cold" spot suffers the effects produced by 
the flat FS sectors. Since essentially the RG exponentiates the self-energy In 
corrections the power law behavior of Gr reflects itself back in the renormalized 
self-energy given 



with 7* depending on the size of the size of the flat Fermi Surface sectors through 
the fixed point coupling strength. For certain k— space regions near FS we show 
that 7* ~ 6/121. This produces a singular dn(p) /dp — > oo and is consistent 
with the marginal Fermi liquid phenomenology which is in agreement with the 
observed experimental results. 

Since several of our results are given in terms of a fixed point value it is 
important to see what happens if we consider higher order contributions to our 
perturbation theory expansions. We do this calculating initially the 3- loop cor- 
rections to the bare self-energy Sot- At this order of perturbation theory we 
have the bare constants Uq C = Uq x = Z7q/ identical to each other. As a result the 
two existing contributions in this order cancel each other exactly for po <~ u> <~ 0. 
However if we consider 3-loop terms in our perturbative calculation of the three 
bare couplings we can distinguish the different contributions produced at order 
O (U§) and this brings important changes to our results. The exchange and 
Cooper channel couplings mix strongly with each other. As a result of this we 
define generalized /^-functions by considering fa = LodUi/du; = /3, (Uc, U x , Uf) 
for i = C,x,f. We calculate the eigenvalue matrix My = 4fpr, find its eigen- 

3 

values and expand these /^-functions in coupling space around one of the ex- 
isting fixed points in k— space. We then show that the critical surface formed 




(193) 
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by the set of trajectories of Ui (p; ui) which is attracted into the fixed point 
(u'c (p) , U* (p) , (p)j for uj — > has codimensionality one. This means that 
one external parameter such as temperature or hole concentration is needed to 
drive the physical system towards its phase transition characterized by its fixed 



To enquire about the nature of our non-Fermi state and to find out how 
it reacts to its various instabilities we calculate the longitudinal susceptibility 
Xs , the charge susceptibility Xc and the pairing susceptibility Xp around a 
given point of momentum space. These functions are obtained from appropri- 
ate RG equations which are solved perturbatively if the renormalized running 
coupling functions are precisely at the non-trivial fixed point. For simplicity 
we use perturbation theory up to one-loop order and as a result there is no 
strong mixing of scattering channels. Both Xs and Xc are linked to the forward 
scattering channel. Since Ui < in two-loop order the corresponding multi- 
plicative renormalization constants Z Xs and Z Xr produce cancellation effects in 
Xc (qo] q; but not in Xs (<7o; Q; w) since it continues to have a power law singu- 
larity for qo > uj and uj — > 0. Moreover in this order of perturbation theory we 
show that the pairing susceptibility Xp(<7o;q; w ) is finite at the fixed point for 
qo > uj and uj — > since Uq\s non-zero and the Cooper singularity is cancelled 
exactly by the renormalization factor Z Xp . This result depends on the location 
of the interacting particles at the Fermi Surface and as a result it changes as we 
move around in k— space reflecting strong anisotropy effects. Nevertheless this 
shows that this corresponding non-Fermi liquid state is non-superconducting 
with a finite Xc which could be indicative of charge incompressibility or charge 
pseudo gap behavior together with strong spin fluctuations. As a matter 
of fact an external parameter 6 must be tuned for the system to approach the 
critical region and the superconducting transition. Using a simple scaling argu- 
ment we then show that in this case the pairing susceptibility Xp diverges as a 
power law when 9 — > in the superconducting critical point. 

To conclude it is fair to say that even a simplified anisotropic Fermi Surface 
model as the one used in this work is able to produce interesting non-trivial 
results due to the fact that it contains flat parts which are indicative of a strong 
interaction regime. They can turn 2d-Fermi liquid states into a non-Fermi liq- 
uid which can be metallic or insulating depending on its location at the fermi 
Surface in k— space. It is tempting to relate our results to the high T c super- 
conductors which are known to have an anisotropic FS with a pseudogap which 
show non-Fermi liquid behavior for the underdoped and optimally doped metal- 
lic phase above the critical temperature. Our findings concerning the nature 
of the metallic state are in general agreement with more recent photoemission 
experiments which demonstrate the validity of the marginal Fermi liquid phe- 
nomenology above T c . We believe therefore the model presented here might well 
contain some of the ingredients which are needed to describe the strange metal 
and the pseudogap phases of the cuprate superconductors. 
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Figure Captions: 

Fig. 1- Truncated Fermi Surface Model 

Figs. 2- Feynmann diagrams up to 2-loop order for rj^ in the: (a) exchange 
channel, (b) Cooper channel and (c) forward channel 
Fig. 3- Diagrams up two-loop order for vff 
Fig. 4- Diagrams for £j in 3-loop order 
Fig. 5- 4-loop diagrams for £j 
Fig.6-Fp°'^ up to one-loop order 

(2 1) 

Fig^-r^/) up to one-loop order 
Fig.8-rQ°' 2 ^ up to one-loop order 

(2 1) 

Fig. 9- up to one-loop order 
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